Introduction {#Sec1}
============

Currently the world-volume dynamics of branes is the most important player in the duality between gauge theories and strings (M-theory).

Last years there have appeared a large number of works focused on the understanding of the world-volume dynamics of multiple M2-branes and the near horizon limit of the effective geometry. This interest was inspired by the investigations of Bagger et al. \[[@CR1]--[@CR4]\] on theories having hidden structures of a Lie 3-algebra and which have an intimate relation to membrane dynamics. On other hand the progress in the AdS/CFT correspondence motivates one to look for a new class of conformal invariant, maximally supersymmetric field theories in $\documentclass[12pt]{minimal}
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                \begin{document}$$2+1$$\end{document}$ dimensions describing the world-volume dynamics of coincident membranes in M-theory. Indeed, a dual pair of theories corresponding to the above picture was found \[[@CR5], [@CR6]\] and it triggered a large number of investigations in various directions. On one side the so-called Aharony--Bergman--Jafferis--Maldacena (ABJM) theory consist of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{AdS}_4\times S^7/{\mathbb Z}_k$$\end{document}$, or after reduction on an M-theory cycle to type IIA string theory, strings in an $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{AdS}_4\times {\mathbb {CP}}^3$$\end{document}$ background. On the dual gauge theory side the theory is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=6$$\end{document}$ superconformal Chern--Simons theory coupled with bifundamental matter (actually two Chern--Simons theories of level $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{AdS}_4\times {\mathbb {CP}}^3$$\end{document}$ as a coset were first studied in \[[@CR7]\][1](#Fn1){ref-type="fn"} opening the door for investigation of the integrable structures in the theory. Shortly after that it was noticed that the string supercoset model does not describe the entire dynamics of a type IIA superstring in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{AdS}_4 \times {\mathbb {CP}}^3$$\end{document}$, but only its subsector. The complete string dual of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=6$$\end{document}$ superconformal Chern--Simons theory, i.e. the complete type-IIA Green--Schwarz string action in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{AdS}_4\times {\mathbb {CP}}^3$$\end{document}$ superspace has been constructed in \[[@CR9]\].

Being highly non-linear, the theory on both sides is hard to solve exactly. Thus, the semiclassical analysis appears to be the most appropriate available tool to answer many questions. The duality between the two theories suggests that the partition functions of string theory on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=6$$\end{document}$ superconformal Chern--Simons theory are equal. If one works on the string side, one can find the semiclassical string solutions and work out the string spectrum. According to the AdS/CFT correspondence, the dispersion relations on the string theory side are equal to the dimensions of the gauge theory operators. Therefore, one of the main ingredients necessary to check the holographic correspondence is the dimension of the gauge theory operators.

Although the issue of dispersion relations was addressed in some papers, see for instance[2](#Fn2){ref-type="fn"} \[[@CR7]--[@CR24]\], in this note we revisit the problem studying the large momentum expansion of folded string dispersion relations. The difficulty is that the conserved charges for corresponding semiclassical string solutions are typically represented in terms of elliptic integrals. The latter are difficult to invert, carefully separating leading, subleading etc. orders of the contributions. In this note we consider three methods for calculating the anomalous dimensions of the gauge theory operators by the AdS/CFT correspondence. The results agree, but they have quite different forms.

This paper is organized as follows. In Sect. [1](#Sec1){ref-type="sec"} we give a very brief review of the basics of ABJM theory and review a simple folded string solution in the $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {CP}}^3$$\end{document}$ part of the geometry. Next we apply the iterative method for inverting the elliptic integrals to obtain the dispersion relations corresponding to the folded string solution. The second method used for calculation of the dispersion relations is the Picard--Fuchs equation. Finally we present the calculation of the anomalous dimensions to the first few orders using the Lambert function as advocated in \[[@CR25]\] for the case of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{AdS}_5\times S^5$$\end{document}$.

On ABJM theory in brief {#Sec2}
-----------------------
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                \begin{document}$$\mathrm{AdS}_4/\mathrm{CFT}_3$$\end{document}$ correspondence, or ABJM theory, is one of the rare candidates for the exact string/gauge theory correspondence. It is obtained starting from 11d M-theory analyzing the M2-brane dynamics. One starts with M2-brane solutions obtained considering the 11 dimensional supergravity action \[[@CR6]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _{11}^2=2^7\pi ^8 l_p^9$$\end{document}$. The M2-brane solutions can be obtained from 11d SUGRA equations of motions,$$\documentclass[12pt]{minimal}
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                \begin{document}$$z_i \rightarrow \mathrm{e}^{ i \frac{2 \pi }{ k} } z_i$$\end{document}$. A convenient way to proceed is to write the metric on $\documentclass[12pt]{minimal}
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On the gauge theory side it was conjectured that $\documentclass[12pt]{minimal}
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The Chern--Simons part of the theory is constructed using a pair of chiral fields $\documentclass[12pt]{minimal}
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Review of the simplest semiclassical string solutions in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{AdS}_4\times {\mathbb {CP}}^3$$\end{document}$ background {#Sec3}
---------------------------------------------------------------------------------------------------
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**A simple semiclassical solution** Below we briefly review the simplest folded string solution of \[[@CR10]\]. We will work out this case in detail, while the results for the more complicated solution are given in an appendix. To find a simple folded string solution, in addition to ([1.16](#Equ16){ref-type=""}), let us make the ansatz $\documentclass[12pt]{minimal}
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The dispersion relations {#Sec4}
========================

Although there are many interesting developments and applications of this duality, some old questions about the main players in the story are still interesting. For instance, the dispersion relations which are supposed to give the anomalous dimensions are given in implicit form. Most frequently encountered cases are those when the charges are expressed through elliptic integrals which cannot be inverted in closed form. We revisit this problem combining a few approaches to obtain the dispersion relation as series (computable to arbitrary order).

We will approach the problem expanding the expressions for the charges and inverting the series. Expansions for the elliptic integrals in series are given in Appendix [A](#App1){ref-type="app"}.
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There are two kinds of folded strings---short and long ones. They are distinguished by the modular parameter of the elliptic integrals, small or close to 1, respectively, and therefore the expansion in the two cases is quite different.

Before we start the analysis of the two kind of approximations for the string solutions, namely the short and long folded string, let us make a comment on that. There exists a remarkable duality between the values of conserved charges of the two extreme types of folded strings, that is, short strings ($\documentclass[12pt]{minimal}
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Expansion of the conserved charges for long folded strings {#Sec5}
----------------------------------------------------------

Now let us try to expand the elliptic integrals and reverse the series following the ideas of \[[@CR28]\]. Using formulas ([4.8](#Equ106){ref-type=""}) and ([4.10](#Equ108){ref-type=""}) from Appendix [A](#App1){ref-type="app"} we can represent the energy and the spin ([2.13](#Equ39){ref-type=""}) in a form suitable for expansion:$$\documentclass[12pt]{minimal}
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Inverse spin function {#Sec6}
---------------------

In this subsection we start with the expansion using the Picard--Fuchs equation. Next we will proceed with the method suggested in \[[@CR25]\].

**Using Picard--Fuchs equations** The non-linear differential equation for the dispersion relation $\documentclass[12pt]{minimal}
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**Using Lambert function** In the rest of this subsection we will follow the method suggested in \[[@CR25]\] in order to invert the series of angular momentum $\documentclass[12pt]{minimal}
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Anomalous dimensions {#Sec7}
--------------------
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                \begin{document}$$\mathcal {J}_1$$\end{document}$. It is hard to transform the two types of series into one another. However, one can check their consistency by representing them in power series and compare the coefficients in front of the equal powers. Expressing the anomalous dimensions in different form may be helpful studying different properties of the ABJM theory. We will get back to these issues in a forthcoming publication.

Conclusions {#Sec8}
===========

According to the AdS/CFT correspondence, the anomalous dimensions of the gauge theory operators are given by the dispersion relation of their dual $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{AdS}_4\times {\mathbb {CP}}^3$$\end{document}$ strings. We have computed the large-spin expansion of anomalous dimensions of gauge theory operators in ABJM theory using results from the string theory side. For the simple folded string solutions of \[[@CR10]\] the energy and momenta are expressed in terms of elliptic integrals and therefore, to obtain the desired dispersion relations one has to invert the elliptic integrals and solve for the energy in terms of momenta. The inversion of elliptic integrals with respect to the modular parameter $\documentclass[12pt]{minimal}
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We consider two types of folded string solutions, short and long, characterized by the modular parameters of the elliptic functions. Due to the Legendre relation that connects complete elliptic integrals of the first and second kind ([2.8](#Equ34){ref-type=""}), there is a remarkable duality between short and long strings ([2.9](#Equ35){ref-type=""}). According to this formula for each solution of energy $\documentclass[12pt]{minimal}
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                \begin{document}$$k^2+k'^2=1$$\end{document}$. In terms of the anomalous dimensions this duality has the form ([2.10](#Equ36){ref-type=""}). We presented in detail the considerations for the simplest case of folded strings given in \[[@CR10]\]. The results for the more complicated case given in that paper contain long and not too informative expressions. They are collected in Appendix [C](#App3){ref-type="app"}.

We found expressions for the dispersion relations in the form of logarithmic power series and exponential power series in momentum $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {J}_1$$\end{document}$ for leading and first subleading terms (using Lambert functions). We checked that the three approaches we used are consistent giving the same results. It is interesting to note that logarithmic expansions are typical for the expansions in the AdS part of the geometry (see for instance \[[@CR25]\]). In the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{AdS}_5$$\end{document}$ case, which shows why this happens in our case.

The results in this note can be extended to include finite size corrections. It would be interesting to pursue the idea to look for recurrent relations allowing one to obtain subleading contributions. Clues for that may come from different approaches we used to obtain the dispersion relations, especially the Picard--Fuchs equation. Promotion of these considerations to the quantum level is also a challenging task.

Appendix A: Elliptic integrals of first and second kind {#Sec9}
=======================================================
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} I_1=\int \limits _0^1\frac{\mathrm{d}z}{\sqrt{P(z)}}, \quad I_2=\int \limits _0^1\frac{z\,\mathrm{d}z}{\sqrt{P(z)}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {K}=\frac{1}{2}I_1, \quad \mathbb {E}=\frac{1}{2}I_1-\frac{k^2}{2}I_2. \end{aligned}$$\end{document}$$The conclusion is that the elliptic functions are additive combinations of the Abelian periods!

One can use the dependence on the modular parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k^{\prime 2}=1-k^2$$\end{document}$) and differentiate the Abelian periods using their defining equations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\mathrm{d} I_1}{\mathrm{d}k}=\frac{k}{k^\prime }(I_1-I_2), \quad \frac{\mathrm{d} I_2}{\mathrm{d}k}= \frac{1}{kk^{\prime 2}}(I_1-(2-k^2)I_2), \end{aligned}$$\end{document}$$and the corresponding equations for the complete elliptic integrals$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\{ \begin{array}{ll} \mathrm{Tr}((A_1B_1)^{\frac{J_{\psi }}{2}+J_{\varphi _1}}(A_2B_2)^{\frac{J_{\psi }}{2}- J_{\varphi _1}}),&{} \text{ for } \omega _1+\omega _2>0, \\ \mathrm{Tr}((B_1^\dagger A_1^\dagger )^{-(\frac{J_{\psi }}{2}+J_{\varphi _1})}(A_2B_2)^{\frac{J_{\psi }}{2}- J_{\varphi _1}}),&{} \text{ for } \omega _1+\omega _2<0. \end{array} \right. \nonumber \\ \end{aligned}$$\end{document}$$Note that, if one takes $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta =J_{\psi }$$\end{document}$ without quantum correction, which is in disagreement with the string calculation. Since the dispersion relations ([6.12](#Equ132){ref-type=""}) and ([6.13](#Equ133){ref-type=""}) are the same as in the $\documentclass[12pt]{minimal}
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See also \[[@CR8]\].

There are huge amount of papers on ABJM theory. Here we will quote only those which are directly related to our study and which we really used.

The principal branch provides the correct limiting behavior of $\documentclass[12pt]{minimal}
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The authors would like to thank D. Arnaudov and T. Vetsov for fruitful discussions. This work was supported in part by the Austrian Science Fund (FWF) project I 1030-N16.
